
Chapter 7—The Normal Probability Distribution 
 
 
7.1 Properties of the Normal Distribution 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Definition:  Probability Density Function 
 
A probability density function is an equation used to compute probabilities of 
continuous random variables that must satisfy the following two properties. 
1.  Graph of the equation must be greater than or equal to zero for all possible values 
of the random variable. 
2.  Area under the curve equals 1. 
 

EXAMPLE:  Illustrating the Uniform Distribution 
 
Imagine that a friend of yours is always late.  Let the random variable X represent the 
time from when you are supposed to meet your friend until he shows up.  Further 
suppose that your friend could be on time (x=0) or up to 30 minutes late (x=30) with 
all 1-minute intervals of times between x=0 and x=30 equally likely.  That is to say, 
your friend is just as likely to be from 3 to 4 minutes late as he is to be 25 to 26 
minutes late.  The random variable X can be any value in the interval from 0 to 30, 
that is, 0 < X < 30.  Because any two intervals of equal length between 0 and 30, 
inclusive, are equally likely, the random variable X is said to follow a uniform 
probability distribution.    
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Uniform Density Function  
 

 
  X=time from when you are supposed  

     to meet your friend until he shows up 
 
 
Is this a probability density function?  
 
 
What is the probability that your friend will show up from 0 to 30 minutes late?—i.e., 
P(0<X<30)? 
 
 
What is the probability that your friend will show up between 10 and 20 minutes late?—
i.e., P(10<X<20)? 
 
 
What is the probability that your friend will show up 12.543 minutes late?—i.e., 
P(X=12.543)? 

• Since there is no area under the curve at X=12.543, the P(X=12.543)=0. 
• For the continuous variable X, no observation exists that is exactly 12.543. 
• For a continuous variable X, with an infinite number of possible values, what is 

the probability of one particular value like X=12.543?—1/infinity = 0. 
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Remember from Section 6.1 for a discrete probability distribution that probability was read 
from the vertical axis (similar to reading a relative frequency histogram). 
 
By comparison, for a continuous random variable and a continuous probability density 
function (or probability distribution), the area under the graph of a density function over 
some interval represents the probability of observing a value of the random variable in that 
interval 
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Relative frequency histograms that are approximately symmetric and bell-shaped are 
said to have the shape of a normal probability density function (or normal prob ability 
curve).  Many real-world variables are well-approximated by a normal probability curve 
(p. 277). 
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Properties of the Normal Probability Curve: 
 
1. The highest point occurs at x=µ. 
2. It is symmetric about the mean, µ.  One half of the curve is a mirror image of the 

other half, i.e., the area under the curve to the right of µ is equal to the area under 
the curve to the left of µ equals ½. 

3. It has inflection points at µ-σ and µ+σ.  
4. The curve is asymptotic to the horizontal axis at the extremes. 
5. The total area under the curve equals one. 
 

Draw a 
normal (bell-
shaped) 
curve to 
illustrate 1-5. 
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Properties of the Normal Probability Curve (continued):  
 
6.  Empirical Rule:   

• Approximately 68% of the area under the curve is between µ-σ and µ+σ. 
• Approximately 95% of the area under the curve is between µ-2σ and µ+2σ. 
• Approximately 99.7% of the area under the curve is between µ-3σ and µ+3σ. 
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A normal curve has two characteristics:  mean (µ) and standard deviation (σ). 
 
 
Example 1—normal curves for two populations with different means: 
 
 Population #1  Population #2 
      µ1 = 50         µ2 = 70 

      σ =  4          σ  =  4 
 
Draw the normal curves for both populations. 

 
Summary:  The two curves are exactly the same, except one curve is to the right of the 
other curve. 
 
 
Example 2—normal curves for two populations with different standard deviations. 
 

Population #1  Population #2 
      µ1 = 50         µ2 = 50 

     σ1 =   4         σ2  =  7 
 
Draw the normal curves for both populations. 

 
Summary:  Increasing the standard deviation causes the curve for Population #2 to 
become flatter and more spread out.  Comparing the two normal curves:   
• For Population #1, there is more area under the curve within a given distance of the 

mean;  
• For Population #2, there is more area under the curve away from the mean. 
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N 5  
ΣX 97.5  
µ 19.5  
σ 6.21  
 
 
Note the following about the Z values: 
• When the value of X is equal to the mean, then Z is equal to zero (yellow highlight). 
• When the value of X deviates above the mean by the same amount that another X-

value deviates below the mean, the two Z’s are equal except for the difference in 
signs (+ or -)—see blue highlight. 

 

Standardized Variable—A variable is said to be standardized if it has been adjusted 
(or transformed) such that its mean equals 0 and its standard deviation equals 1.  

Standardization can be accomplished using the formula for a z-score: 
σ

µ−= X
Z  

The z-score represents the number of standard deviations that a data value is away from 
the mean. 
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Normal Probability Distributions (or Curves). 
 
 
 
 
 
 
 

Standard Normal Curve (z) with mean=0 and std. dev. =1. 
 
 
 
 
 
 

• A normal curve is characterized by its mean, µ, and standard deviation, σ. 
• Since there are an infinite number of combinations of µ’s and σ’s, there are 

likewise an infinite number of normal curves. 
• One particular type of normal curve is the standard normal curve…a normal 

curve with µ=0 and σ=1. 

•  

All Normal Curves 
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7.2 The Standard Normal Distribution 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Standard Normal Distribution (Z)

Zµ=0 

σ=1 

Standardizing a Normal Random Variable 
 
Suppose the random variable X is normally distributed with mean µ and standard 
deviation σ.  Then the random variable 

σ
µ−= X

Z  

is normally distributed with mean µ=0 and standard deviation σ=1.  The random 
variable Z is said to have the standard normal distribution . 
 

Properties of the Standard Normal Curve (Z): 
 
1. The highest point occurs at µ=0. 
2. It is a bell-shaped curve that is symmetric about the mean, µ=0.  One half of the 

curve is a mirror image of the other half, i.e., the area under the curve to the right 
of µ=0 is equal to the area under the curve to the left of µ=0 equals ½. 

3. It has inflection points at µ-σ = 0-1 = -1 and µ+σ = 0+1 = +1.  
4. The curve is asymptotic to the horizontal axis at the extremes. 
5. The total area under the curve equals one. 
6. Empirical Rule:   

• Approximately 68% of the area under the curve is between -1 and +1. 
• Approximately 95% of the area under the curve is between -2 and +2. 
• Approximately 99.7% of the area under the curve is between -3 and +3. 
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-0.2       0.4207  corrected area 

The table gives the area 
under the standard normal 
curve to the left of a 
specified Z-score as shown 
in the figure. 

Numbers in 
the body of 
the table 
represent 
area under 
the standard 
normal 
curve. 

Z-values. 
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Finding Area Under the Standard Normal Curve: 
 

1.  Find the area under the standard normal curve to the left of Z=-1.40. 
2.  Find the area under the standard normal curve to the right of Z=1.85. 
3.  Find the area under the standard normal curve between Z=0.50 and Z=2.25. 

 
 
 
 
 

 
 
 
 
 
 
 
Examples written using probability notation: 

1. Find P(Z < -1.40). 
2. Find P(Z > 1.85) 
3. Find P(0.50 < Z < 2.25) 

 
 
 
 
+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
Finding Z-Scores for Given Areas: 

1. Find the 85th percentile for the Z distribution—i.e., find z0 such that 
P(Z<z0)=0.85. 

2. Find z0 such that P(Z>z0)=0.25. 
3. Find the two values of Z (z1 and z2) that include the middle 95% of Z values. 

 
 
 
 
 
++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
 
 

 
 
 
P(Z < a)  represents the probability a standard normal random variable is less than a. 
P(Z > a)  represents the probability a standard normal random variable is greater than a. 
P(a < Z < b)  represents the probability a standard normal random variable is between  
  a and b  
   

Notation for the Probability of a Standard Normal Random Variable 
 

For any continuous random variable, the probability of observing a specific value of 
the random variable is 0.  For example, for a standard normal random variable, 
P(Z=a)=0 for any value of a.  Because of this, the following probabilities are 
equivalent: 
 

)()()()( bZaPbZaPbZaPbZaP ≤≤=≤<=<≤=<<  
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7.3 Application of the Normal Distribution 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 1:  The random variable X is normally distributed with µ = 500 and σ = 100.  
Find P(X<400).  Use a graph with labels to illustrate your answer.  Interpret your answer 
(as explained above) in two ways. 
 
 
Example 2:  The random variable X is normally distributed with µ = 500 and σ = 100.  
Find P(X>620).  Use a graph with labels to illustrate your answer. 
 
 
Example 3:  Scores on the SAT test are normally distributed with µ = 500 and σ = 100.  
What score must a student make on the test to be at the 90th percentile?  Use a graph with 
labels to illustrate your answer. 
 
 
Example 4:  Scores on the SAT test are normally distributed with µ = 500 and σ = 100.  
What range in SAT scores (x1 and x2) includes the middle 50% of scores?  Use a graph 
with labels to illustrate your answer. 

Finding the Area under any Normal Curve: 
 
Step 1:  Draw the normal curve with the desired area shaded. 

Step 2:  Convert the values of X to Z-values using 
σ

µ−= X
Z . 

Step 3:  Draw a Z-axis under the X-axis on the normal curve in Step 1, and place 
the Z-values under the corresponding X-values. 
Step 4:  Find the area under the normal curve using the Z-values and the standard 
normal curve in Appendix Table II.  *** Note that Z indicates the number of 
standard deviations a given data value is away from the mean. 
 

The Area under a Normal Curve—Interpreting Your Answer 
 
Suppose a random variable X is normally distributed with mean µ and standard 
deviation σ.  The area under the normal curve for any range of values of the 
random variable X represents either: 

• the proportion of the population with the characteristics described by the 
range, or 

• the probability that a randomly selected individual from the population will 
have the characteristics described by the range. 
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Excel and the Normal Distribution:  Finding Areas under the Normal Curve: 
Step 1:  Excel will find an area to the left of a specified value.  Select Insert/Function 
(fx) from the Windows menubar.  In the Function Category, select “Statisticial.”  In the 
Function Name, select “NormDist.”  Click OK . 
Step 2:  Enter the specified value, µ and σ, and set cumulative to TRUE.  Click OK . 
 
Example:  For a normal distribution with µ = 500 and σ = 100, find P(X<620). 
 

 

 

 

Select a Category: Statistical 

Select NORMDIST 
& click OK 

From Insert Menu, 
select Function 

Enter x=620, 
mean=500, 
standard_dev=100, 
and type TRUE in the 
Cumulative box. 

Get the results 
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Excel and the Normal Distribution (continued): Finding Scores Corresponding to an 
Area: 
 
Step 1:  Select Insert/Function (fx) from the Windows menubar.  In Function 
Category, select “Statistical.”  In Function Name, select “NormInv.”  Click OK . 
Step 2:  Enter area to the left of the unknown score (i.e., probability), µ and σ.  Click 
OK . 

 
Example: For a normal distribution with µ = 500 and σ = 100, find the 90th 
percentile. 
 

  
 

  
 
 

 
 
 
Excel and the Standard Normal Distribution (Z): 
Finding Areas under the Standard Normal Curve (Z): 

Use “Normsdist” and follow the example for “Normdist” above. 
 

Finding Z-Scores Corresponding to an Area: 
Use “Normsinv” and follow the example for “Norminv” above. 

From Insert 
Menu, select 
Function 

Select a Category: Statistical, 
and then select NORMINV & click OK 
 

Enter probability, mean, 
and standard dev 
values 

Get the results 
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7.4 Assessing Normality 
 
Suppose that we obtain a simple random sample from a population whose distribution is 
unknown.  Many of the statistical tests that we perform on small data sets (sample size 
less than 30) require that the population from which the sample is drawn be normally 
distributed.  Up to this point, we have said that a random variable X is normally 
distributed, or at least approximately normal, provided the histogram of the data is 
symmetric and bell-shaped.  This method works well for large data sets, but the shape of 
a histogram drawn from a small sample of observations does not always accurately 
represent the shape of the population.  For this reason, we need additional methods for 
assessing the normality of a random variable X when we are looking at sample data.  
 
A normal probability plot  plots observed data versus normal scores. A normal score 
is the expected Z-score of the data value if the distribution of the random variable is 
normal.   
 
During this semester, we will be content in reading normal probability plots constructed 
using the statistical software package, Minitab.  In Minitab, if the points plotted lie within 
the bounds provided in the graph, then we have reason to believe that the sample data 
come from a population that is normally distributed.  
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EXAMPLE:  Interpreting a Normal Probability Plot 
The following data represent the time between eruptions (in seconds) for a random 
sample of 15 eruptions at the Old Faithful Geyser in California.  Is there reason to believe 
the time between eruptions is normally distributed? 
 
 
 
 

 
 

                 
 

728 678 723 735 735
730 722 708 708 714
726 716 736 736 719

The random 
variable “time 
between 
eruptions” is 
likely not 
normal. 
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EXAMPLE:  Assessing Normality 
Suppose that seventeen randomly selected workers at a detergent factory were tested for 
exposure to a Bacillus subtillis enzyme by measuring the ratio of forced expiratory 
volume (FEV) to vital capacity (VC).  NOTE: FEV is the maximum volume of air a 
person can exhale in one second; VC is the maximum volume of air that a person can 
exhale after taking a deep breath.  Is it reasonable to conclude that the FEV to VC 
(FEV/VC) ratio is normally distributed? 
Shore, N.S.; Greene R.; and Kazemi, H. “Lung Dysfunction in Workers Exposed to 
Bacillus subtillis Enzyme,” Environmental Research, 4 (1971), pp. 512 - 519.  
 
  
 
 
 
 
 
 
 

 

0.61 0.70 0.76 0.84 
0.63 0.72 0.78 0.85 
0.64 0.73 0.82 0.85 
0.67 0.74 0.83 0.87 
0.88    

Reasonable to 
believe that 
FEV/VC is 
normally 
distributed. 
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Putting It All Together (p. 271) 
 
Probability for a discrete random variable is read from the vertical (y) axis, e.g., 
P(X=1) = 0.31 
 

 
 
Notice that area is equal to probability in the binomial probability distribution: 

• Area of a rectangle = height x width 
• Width of each rectangle is 1 
• P(X=1) is equal to the area 0.31 x 1 

 

Binomial Probability Distribution

0

0.1

0.2

0.3

0.4

0 1 2 3 4 5

X

P
(X

=x
)

n=5, p=0.35 


